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Abstract
A new nanoscale thermal anemometry probe (NSTAP) was designed and fabricated to measure mass flux in supersonic flows. 
This sensor was evaluated in the Trisonic Wind Tunnel Munich (TWM) at both subsonic and supersonic speeds. Subsonic 
compressible flow tests were performed to confirm the new sensor’s repeatability and to compare its behaviour to meas-
urements from a conventional cylindrical hot-wire, while supersonic tests were performed to investigate the nature of the 
convective heat transfer from the nanoscale sensor at those conditions. For the range of mass fluxes tested in the supersonic 
regime, a linear relationship between the Nusselt number and the Reynolds number fit the data well. A linear relationship 
has previously been noticed at length scales close to the molecular mean free path of the flow and has been attributed to the 
free-molecule flow regime, where the Knudsen number is on the order of unity.

Graphical abstract

1 Introduction

Ubiquitous in nature, turbulent flows are defined by their 
chaotic motion, three-dimensionality and high diffusivi-
ties. Due to the presence of a large range of length and time 
scales in turbulent flows, well-resolved measurements are 
extremely challenging to acquire, especially at high speeds. 
To extract velocity data at high frequencies, hot-wire meas-
urements are commonly performed. Hot-wires consist of a 
metallic filament which is heated by the Joule effect. Heat 
is removed from the filament due to flow convection and the 
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change in heat transfer registers either as a change in resist-
ance if operated in constant current mode, or as a change 
in current if operated in constant temperature or constant 
voltage modes (Comte-Bellot 1976; Sarma 1993). Hot-
wires have the capability of measuring one velocity compo-
nent—or two, with the use of cross-wires—in incompress-
ible flows with a high uni-directional mean velocity (Bruun 
1996). Probes consisting of a greater number of wires have 
also been introduced to measure all components of velocity 
and/or velocity gradients (Wallace and Foss 1995; Wittmer 
et al. 1998). However, the use of hot-wires in flows with 
strong three-dimensional motions or with large temperature 
fluctuations can lead to biased velocity measurements. Par-
ticle image velocimetry (PIV) is becoming more popular for 
measuring flow velocities, even in supersonic flows, as it can 
acquire planar or even volumetric velocity measurements. 
Furthermore, PIV can be used in separated flows, as this 
technique does not require a primary flow direction (Raffel 
et al. 2018). However, both PIV and conventional hot-wires 
lack the necessary temporal resolution for obtaining unat-
tenuated turbulence measurements in flows where short time 
scales are present, such as supersonic flows. Therefore, a 
sensor with an increased bandwidth is necessary to resolve 
a large range of temporal scales in such flows.

Advances in nanotechnology and semi-conductor man-
ufacturing techniques enabled the development of the 
nanoscale thermal anemometry probe (NSTAP). The sensing 
element has a thickness t = 100 nm, a width w = 2 μm with 
lengths as small as � = 30 μm . This sensor has been used 
successfully in a wide array of incompressible flows and has 
been shown to have a frequency response greater than 150 
kHz, more than an order of magnitude faster than conven-
tional hot-wires (Bailey et al. 2010). Due to its nanoscale 
thickness and its microscale width and length, the NSTAP 
can also capture the very small length scales present in tur-
bulent flows, reducing spatial attenuation effects. While the 
NSTAP is a well-established anemometry probe for the anal-
ysis of incompressible flows (Vallikivi et al. 2011; Hultmark 
et al. 2012), its applicability to compressible flows has not 
previously been explored.

Much like in high Reynolds number incompressible 
flows, high spatio-temporal resolution is critical for resolv-
ing compressible turbulence. The high frequency response as 
well as the small physical dimensions make the NSTAP an 
ideal candidate for measurements in compressible turbulent 
flows. However, due to severe structural loading conditions 
and vibration compounded with the starting shock wave 
propagating downstream and followed by the presence of 
local shocks (only applicable when performing supersonic 
flow measurements), optimization of the sensor design is 
required.

In the following text, a new version of the NSTAP is intro-
duced that has been redesigned specifically for supersonic 

flow conditions. In addition to the design specifications, 
the heat transfer characteristics and the resulting temporal 
resolution of the sensor are evaluated. Finally, a simplified 
calibration procedure is provided and discussed.

2  Anemometer response

When studying compressible flows by means of hot-wire 
anemometry, the fluid density, � , and the streamwise veloc-
ity, u, can no longer be decoupled. This feature adds a level 
of complexity to the data processing (Smits et al. 1983) and 
especially to turbulence measurements, since fluctuations 
in temperature, density and velocity affect the hot-wire 
response in a coupled manner. Assumptions must be made 
to decouple the system into three independent modes: sound, 
vorticity and entropy (Kovasznay 1950, 1953; Morkovin 
1956). To avoid any assumptions about the coupling rela-
tionship between velocity and density, the results in this 
work will remain coupled and will be discussed in terms of 
mass flux, �u.

Furthermore, when investigating supersonic flows, a 
shock wave located upstream of the sensing element will 
further complicate the measurements. In this work, all fluid 
properties will be evaluated at the stagnation temperature as 
the static temperature downstream of the shock varies only 
slightly from the former (Kovasznay 1950).

In forced convection of heat from a thin wire filament, the 
rate of heat transfer is Q = Nu ⋅ k𝓁�T  , where Nu is the Nus-
selt number, k is the thermal conductivity of the fluid, � is 
the length of the filament and �T = Tw − Te is the difference 
between the wall temperature of the heated filament, Tw , and 
the recovery temperature or equivalently, the wall tempera-
ture of the unheated filament, Te . In this configuration, the 
Nusselt number is at most a function of the Reynolds num-
ber, Re

�c
=

�u�c

�
 , the Prandtl number, Pr = �

�
=

�cp

k
 , the 

Mach number, M =
u

c
=

u
√

�RT
 , the overheat ratio, � =
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To
 , 

and the aspect ratio of the filament, �
�c

 (Kovasznay 1950; 
Smits et al. 1983):

Here, u represents the streamwise velocity upstream of 
the sensing element. If the upstream mean flow is super-
sonic, u represents the velocity upstream of the shock wave. 
The speed of sound is denoted by c, � represents the ratio of 
specific heats, R is the specific gas constant, � is the static 
fluid density, � and � =

�

�
 represent the dynamic and kine-

matic viscosities upstream of the shock, respectively. The 
characteristic length scale governing the heat transfer is �c , 
� =

k

�cp
 represents the thermal diffusivity, cp is the specific 
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heat at constant pressure and To represents the stagnation 
temperature. If working with conventional cylindrical hot-
wires, the diameter of the sensing element is taken to be �c . 
However, given the rectangular cross section of the sensing 
element, the use of both the width and the thickness as �c is 
examined.

It has been shown, for a conventional cylindrical hot-wire, 
that the Nusselt number is independent of Mach number 
in the range of 1.3 < M < 4.5 if the downstream Re

�c
> 20 

(Laufer and McClellan 1956). As such, Nu = f2
(

Re
�c
,Pr, �

)

 
for hot-wire anemometry in supersonic conditions. In con-
figurations where Pr, � and � can be assumed constant, 
the Nusselt number dependence can be further reduced to 
Nu = f3(�u) , where �u is the instantaneous mass flux. Based 
on the work of King (1914), who described the relation-
ship between a hot-wire signal and the flow velocity for an 
incompressible flow, the relationship between the bridge 
voltage, E , and the mass flux is often assumed to be of the 
shape:

In practice, polynomial curves are often used for calibra-
tion of hot-wires, but Eq. (2) has the benefits of being based 
on a theoretical heat transfer relationship and being well-
behaved outside of the calibration range. For conventional 
hot-wires, the power is expected to be close to n = 1∕2 in 
incompressible flows and has been found to be similar for 
compressible flows (King 1914; Smits et al. 1983).

When dealing with very small hot-wires, or with configu-
rations where the mean free path is large, Knudsen number 
effects must also be considered. The Knudsen number, 
Kn =

�

�c

=
√

��

2

M

Re
�c

 , is defined as the ratio between the mol-

ecules’ mean free path, � , and a characteristic length scale, 
�c . According to Rapp (2016), slip flow conditions occur 
when 0.001 < Kn < 0.1.

 Stalder et al. (1951) derived a heat transfer relationship 
from first principles for a transverse cylinder in high-speed 
rarefied flows ( 4 < Kn < 185 ). In Stalder et  al. (1952), 
experimental data were collected in the intermediate range 
of 0.025 < Kn < 11.8 to characterize the governing phys-
ics occurring in the slip flow regime. They found that free-
molecule theory holds for Kn > 2 . They also mentioned that 
the intermediate flow regime, where 0.001 < Kn < 10 , was 
challenging to investigate analytically. Oppenheim (1953) 
later generalized the convective heat transfer analysis in 
free-molecule flow for various shaped bodies including a 
flat plate and a sphere. Comte-Bellot (1976) noted that the 
heat transfer governing a hot-wire varies depending on the 
flow regime it is operating in and that these regimes can be 
characterized by the Knudsen number. The Nusselt num-
ber dependence on Reynolds number shifts from a power 
dependence with 1/2 power to a linear relationship as the 

(2)E2 = f4(�u) = B + A(�u)n.

Knudsen number increases (Dewey 1965). Due to its min-
iature size and hence, unknown operating flow regime, 
characterization of the NSTAP’s heat transfer in high-speed 
flow conditions is essential. Given that the Knudsen num-
bers based on both the thickness and the width of the wire 
are greater than 0.001 ( Knt = 0.27 and Knw = 0.055 when 
the total pressure po = 2.15 bar and M = 2 , as tested herein, 
where the subscript specifies which length scale is used), 
it is possible that the NSTAP no longer operates in a con-
tinuum flow regime. If that is the case, an increased power 
could be expected in the relationship between Nu and Re

�c
 . 

If these effects are significant, a power close to unity would 
be expected. A linear relationship between Nu and Re

�c
 not 

only simplifies calibration procedures and data analysis, but 
also implies a constant mass flux sensitivity independent of 
other flow parameters.

3  Experimental methods

3.1  Sensor design

The NSTAP has a unique capability of measuring stream-
wise velocity fluctuations at high frequencies (with a typical 
frequency response greater than 150 kHz), making it an ideal 
candidate for high-speed flow measurements. The NSTAP 
is a silicon-based MEMS device made in the Micro/Nano 
Fabrication Laboratory at Princeton University. Metal sput-
tering and deep reactive ion etching are performed on a sili-
con wafer as part of the batch manufacturing process. Plati-
num is the metal used due to its advantageous electrical and 
chemical properties, such as having a constant temperature 
coefficient of resistance for a wide range of temperatures and 
enabling convenient etching of the surrounding silicon struc-
ture. The foremost location of the sensor houses a metallic 
filament which, during operation, is heated above the flow 
temperature by the Joule effect. The original sensing element 
designed for subsonic flows has a 2 μm wide and 100 nm 
thick cross section with lengths between 30 and 60 μm long. 
In this study, the dimensions of the sensing element were 
altered and can be seen in Figs. 1 and 2. The 30 μm long 
freestanding wire in Fig. 1 is held in place by two electrically 
conductive pads. During operation, the flow convects heat 
away from the wire and the change in mass flux is read as a 
change in output voltage. Although the most relevant design 
details are summarized here, please refer to Vallikivi and 
Smits (2014) and Fan et al. (2015) for detailed information 
regarding the entire fabrication process of the NSTAP. The 
NSTAP’s low thermal inertia is central to obtaining turbu-
lence statistics in supersonic flows, where the time scales 
typically are extremely short. However, severe loading con-
ditions, significant vibration of the sensor and the presence 
of shock waves repeatedly led to structural failure of the 
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original NSTAP, especially during tunnel startup. Based on 
the original NSTAP design, many design changes were made 
to increase the structural rigidity of the sensing element in 
supersonic flows.

First, to avoid structural failure, the thickness of the 
metallic layer was increased from 100 to 400 nm. This spe-
cific thickness was chosen as it was approaching the fab-
rication tool’s maximal capability while still remaining a 
thin film. Second, due to the shock structure on the sensor 
assembly, the two-dimensional geometry of the metallic 
layer was altered. Since shock waves form at the tip of the 
sensor when testing at supersonic speeds, the stub design 
(metallic region on either side of the sensing element) was 
modified for aerodynamic purposes. Among other changes, 
the wire was placed at the most upstream location in order 
for it to sense unobstructed flow from the shocks generated 
by the silicon pads. Next, the length of the wire was reduced 
to 30 μm to reduce wire deflection, which can lead to failure. 
All these changes can be seen in Fig. 2. Fourth, downstream 
of the wire lies a silicon bridge which connects the two 

silicon pads. This bridge mitigates vibration and enhances 
the sensor’s durability. The bridge can be seen in Fig. 1.

The final step of fabrication typically consists of remov-
ing a thin layer of silicon present on one side of the metallic 
wire to fully expose the sensing element to the flow. This 
is done with the use of a reactive ion etching technique. 
After having removed the layer of silicon present on one 
side of the wire (typically a few microns thick) as well as 
the 500 nm thin layer of silicon dioxide with the use of a 
buffered oxide etchant, the sensor is fully etched i.e., the 
sensing element is exposed to flow on both sides. Lastly, 
unetched sensors i.e., where a thin layer of silicon remains 
on one side of the wire (see Fig. 3), were manufactured and 
tested for comparison, as the structural rigidity of the wire 
was significantly improved. All variants of the NSTAP were 
fabricated at Princeton University.

Fig. 1  Scanning electron microscope (SEM) images of the NSTAP on 
carbon tape, viewed from the bottom. The freestanding wire is 400 
nm thick, 2 μm wide and 30 μm long and is located upstream of the 
silicon supports. The silicon pads are tapered to maintain an aerody-
namic shape, while the silicon bridge, downstream of the wire, atten-
uates sensor vibration. The bottom subfigure represents a zoomed-in 
view of both the wire and the silicon bridge, partially enclosed in 
orange in the top subfigure

Fig. 2  Figure excerpted and adapted from Fan et al. (2015). The sche-
matic on the left depicts the two-dimensional metallic pattern of the 
NSTAP used in incompressible flows. The schematic on the right is 
the modified pattern of the NSTAP designed to withstand supersonic 
flow conditions. All changes are highlighted in the inset images. All 
values are in microns

Unetched Etched

Fig. 3  Section view of an unetched sensor (left) and an etched sen-
sor (right), taken at the tip of the sensor (flow direction is into the 
image). The platinum is represented in orange, the silicon supports 
are in grey, while the oxide layer is illustrated in purple. This sketch 
is not to scale
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It is critical to consider end-conduction effects when 
altering the dimensions of the sensing element, as this can 
contaminate the output data. Hultmark et al. (2011) pro-
posed a new criterion to better characterize the effect of end-
conduction on data collected using a hot-wire of cylindrical 
cross section, compared to the traditional length-to-diameter 
ratio. According to their analysis, �  , defined below, must 
be larger than 14 in order for end-conduction effects to be 
negligible:

Here, k represents the thermal conductivity of the fluid while 
kw represents the thermal conductivity of the wire, d repre-
sents the diameter of the cylindrical wire and a represents 
the resistance ratio, a =

R

R0

 , where R is the resistance of the 
sensor during operation while R0 is the resistance evalu-
ated at ambient temperature. Byers (2018) later proposed a 
criterion based on a similar derivation, but for a wire of 
rectangular cross section to apply this criterion to the 
NSTAP geometry:

It is not known if the critical value of �  remains the same 
when the cross-sectional shape is altered. However, given 
the specifications of the newly designed sensor with length 
� = 30 μm , width w = 2 μ m, thickness t = 400 nm, kw = 69 
W/mK and k = 0.0257 W/mK (Li et al. 2004), operating 
with a resistance ratio of a = 1.4 , the minimum Nusselt 
number must be Nu = 139 for �  to be greater than 14. This 
is a rather large Nusselt number, but the observed values are 
of this order. It is clear, however, that the additional struc-
tural requirements in supersonic flows drive the design in 
the opposite direction than what is desired from an end-
conduction standpoint.

The presence of a thin silicon layer below the sensing ele-
ment will affect the frequency response of unetched sensors. 
While investigating hot-films in hypersonic flows, Sheplak 
et al. (1996) concluded that the effect of the substrate on 
both the static and dynamic sensitivities of hot-films must 
be characterized to extract reliable data. Given the similar-
ity in the design of the sensors, albeit different feature sizes, 
modelling the heat transfer characteristics of the modified 
NSTAP is warranted.

3.2  Trisonic Wind Tunnel Munich

All measurements were performed in the Trisonic Wind 
Tunnel Munich (TWM) located at Bundeswehr University 

(3)� =
�

d

√

4a

(

k

kw

)

Nu.

(4)� =
�

w

√

2a

(

k

kw

)

(

w + t

t

)

Nu.

in Munich, Germany. The TWM is a two-throat blowdown 
wind tunnel which can run in subsonic, transonic and super-
sonic regimes ( 0.2 < M < 3.0 ). Air is fed into the tunnel by 
two large pressurized tanks ( po up to 20 bar) each contain-
ing 178m3 of air, illustrated in Fig. 4. The TWM’s test sec-
tion is 300 mm wide, 675 mm high and 1700 mm long. An 
adaptive de Laval nozzle upstream of the test section and an 
adaptive diffuser downstream of the test section allow for 
varying the Mach number during operation of the wind tun-
nel. The total pressure, ranging from po = 1.2 to 5.0 bar and 
resulting in a maximum Reynolds number per unit length 
Re = 8 × 107 m−1 , can also be varied during wind tunnel 
operation. The unique capability of varying both the Mach 
number and the Reynolds number independently and in real 
time is beneficial in understanding their individual effect on 
the heat transfer relationship governing the NSTAP. It also 
allows for smooth startup and shutdown of the wind tunnel, 
which otherwise can damage the sensor due to high transient 
fluctuations and loads. The NSTAP is calibrated in situ; the 
mean mass flux is calculated using the isentropic flow rela-
tions, a static pressure sensor in the test section as well as 
a stagnation pressure sensor and a stagnation temperature 
sensor both located in the settling chamber. For additional 
information regarding the TWM, please refer to Scharnow-
ski et al. (2019).

All hot-wire probes were operated in a constant tempera-
ture anemometry (CTA) mode, using the Dantec Stream-
Line anemometer 90N10 with the 90C10 CTA module. The 
NSTAP’s output data were low-pass filtered at 100 kHz 
using a Kemo dual channel elliptic filter and were recorded 
using a PCI-6132 National Instruments DAQ device with 
a sampling frequency of 1 MHz. All measurements were 
obtained in the tunnel freestream.

Control 
Valve 

Settling 
Chamber Laval 

Nozzle 

Test 
Section 

Exhaust 
Tower 

Diffusor 

Holding 
Tanks 

Compressors 

Fig. 4  Schematic of the Trisonic Wind Tunnel Munich located at 
Bundeswehr University Munich, found in Scharnowski et al. (2019). 
The controllable geometries of both the nozzle and the diffuser allow 
for active changes in the Mach number, while the regulator valve con-
trols the stagnation pressure and hence, the Reynolds number
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4  Results

4.1  Subsonic testing

Before venturing into the realm of supersonic flows, the new 
version of the NSTAP was tested in the subsonic freestream. 
First, repeatability tests were performed where the same sen-
sor was exposed to different mass flow rates several times at 
constant Mach number ( M = 0.3 ) and resistance ratio 
( a =

R

R0

= 1.25 ). The etched sensor was used for these 
repeatability tests, where the nanoribbon was freestanding 
and only supported on both ends by metallic stubs. During 
these tests, the Mach number remained constant while the 
stagnation pressure was altered, ramping up from po = 1.3 
bar ( Re = 8.46 × 106 m−1 ) to 2.3 bar ( Re = 1.50 × 107 m−1 ) 
in increments of 0.2 bar and ramping back down. Figure 5 
displays the time series of po , M and the bridge output volt-
age, E, during this run. For each po plateau, data were sam-
pled and averaged for calibration, where the first 30% of each 
data set were excluded from further analysis. The transient 
peaks in the Mach number reading are due to different delays 
of the total and static pressure sensors and are therefore not 
physical. Plotted in Fig. 6, the calibration of the sensor was 
performed by fitting a second-order polynomial to the meas-
ured mean of the voltage squared for different mean mass 
flux values. A good agreement can be seen for both calibra-
tion curves, confirming the repeatability of the sensor. A 

spectral analysis of the recorded freestream turbulence, plot-
ted in Fig. 7, also confirms the repeatability of the sensor. 
For illustrative purposes, only the data collected at po = 2.3 
bar are plotted in this figure, however, the repeatability of 
the spectra was confirmed at all stagnation pressures consid-
ered in this study. 
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Fig. 5  Time series of the stagnation pressure, p
o
 (red curve), the 

Mach number, M (black curve), and the bridge voltage, E (blue 
curve). M was kept constant at M = 0.3 while p

o
 was altered during 

the run, ramping up from p
o
= 1.3 bar ( Re = 8.46 × 106 m−1 ) to 2.3 

bar ( Re = 1.50 × 107 m−1 ) in increments of 0.2 bar and ramping back 
down. The transient peaks in the Mach number reading are due to dif-
ferent delays of the total and static pressure sensors and are therefore 
not physical

120 140 160 180 200 220 240 260 280
0.95

1

1.05

1.1

1.15

1.2

1.25

Fig. 6  Calibration curves for two repeatability tests using the same 
etched sensor at M = 0.3 . The mean mass flux, �u , is plotted on the 
x-axis, while the mean of the square output voltage, E2 , is on y-axis. 
A second-order polynomial was used to fit the data. The dashed black 
curve represents the first test, while the grey dash-dotted curve repre-
sents the second test
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Fig. 7  Normalized power spectral density, Φ , of the freestream mass 
flux fluctuations at M = 0.3 and p

o
= 2.3 bar. Each spectrum repre-

sents an individual test. Although measurements were taken at a p
o
 

range varying from 1.3 bar to 2.3 bar, only spectra at p
o
= 2.3 bar are 

shown in this figure as the data sets collapsed well for all given p
o
 

values
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Next, both etched and unetched NSTAPs were compared 
to a Dantec 55P11 hot-wire, a well-established sensor used 
as a benchmark for the obtained results. Figure 8 displays the 
spectra of all three sensors (etched NSTAP, unetched NSTAP 
and 55P11) at a fixed stagnation pressure of 2.1 bar during 
both the ramp-up (top image) and the ramp-down (bottom 
image) processes of the wind tunnel. The data collected with 
the Dantec wire had an additional low-pass filter of 30 kHz 
imposed by the StreamLine anemometer. The Dantec signal 
shows signs of a resonance peak at around 20 kHz, which cor-
responds well to the findings of Hutchins et al. (2015) for an 
under-damped configuration of a similar hot-wire setup. Reso-
nance also seems to affect the etched NSTAP data, however, 
it does so at a higher frequency than for the Dantec sensor. 
This was also shown in Hutchins et al. (2015). Interestingly, 
the unetched sensor’s behaviour during ramp-up and ramp-
down mainly differs in both the low and the high frequencies, 
while the etched sensor and the Dantec sensor behave in a very 
similar manner in the low frequency range. Signal attenua-
tion is visible above 10 kHz with the unetched sensor, which 
highlights the importance of understanding the heat transfer 
characteristics of the probe. As for the low frequencies, the 

authors hypothesize that an additional time scale is influenc-
ing the data from the unetched sensor due to the presence of 
the silicon support. This support has a thermal mass and acts 
as a heat sink; some of the heat from the sensing element can 
therefore be conducted to the silicon structure, allowing for 
an additional time scale to affect the system’s heat transfer 
characteristics. Interestingly, in still air, the unetched sensor’s 
response via an electrical square wave test was greater than 
300 kHz, which is higher than for the etched sensor ( f ∼ 150 
kHz). As mentioned, further investigation and modelling of 
the heat transfer governing the unetched sensor configuration 
are warranted. 

4.2  Supersonic testing

As mentioned above, previous studies have shown that the 
heat transfer characteristics greatly differ in free-molecule 
flows. Oppenheim (1953) presented a generalized theory for 
the convective heat transfer in a high Knudsen number flow, 
where analytical formulas for flat plates, cylinders as well 
as spheres were found. Given the small length scales of the 
NSTAP’s sensing element, high Knudsen number effects will 
become relevant at much lower Mach numbers compared to 
conventional hot-wires. To examine the heat transfer character-
istics of the NSTAP in this free slip regime, the methodology 
of Oppenheim (1953) is extended and applied to the NSTAP 
geometry. Although the main steps are shown below, please 
refer to Oppenheim (1953) for the detailed derivation.

Modelling the NSTAP’s top and bottom surfaces as flat 
plates, the energy balance governing each surface can be 
expressed as:

where q is defined as the convective heat transfer rate, er is 
the energy transport rate of re-emitted molecules and ei is the 
energy transport rate of incident molecules. Note that q, er 
and ei all have units of power per unit surface area. Radiation 
is excluded in the energy balance as its effect is not deemed 
significant. Next, following Oppenheim’s analysis which 
investigates the average convective heat transfer rate yields:

where � =
ei−er

ei−eb
 represents the accommodation coefficient 

which quantifies the efficiency of the energy transfer 
between the freestream and the body (the latter denoted as 
eb ), G and F are dimensionless average surface integrals 
which are geometry dependent, �T is the difference between 
the temperature of the heated body and the recovery tem-
perature, N represents the number of molecules per unit vol-
ume and kB is the Boltzmann constant.

(5)q = er − ei,

(6)q = �
� + 1

2(� − 1)
(G + F)�TNkBu,
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10-5

100

Fig. 8  Normalized power spectral density, Φ , of freestream mass 
flux fluctuations measured with an etched sensor (grey curves), an 
unetched sensor (orange curves) as well as a Dantec 55P11 sensor 
(black curves). All three sensors were placed in the TWM during a 
ramp-up process followed by a ramp-down process. The top subfig-
ure illustrates data taken during the ramp-up process, while the bot-
tom subfigure illustrates data taken during the ramp-down process. 
The data in both figures were taken at the same stagnation pressure of 
p
o
= 2.1 bar and at M = 0.3
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According to Oppenheim (1953), F = 0 and G =
1

2
√

�s
 

for flows which are parallel to a flat plate, where s = u

um
 

represents the molecular speed ratio between the 
freestream velocity, u, and the most probable molecular 
speed, um =

√

2RT  (Stalder et al. 1952). T represents the 
static temperature of the fluid, while R remains the specific 
gas constant. Substituting these values into Eq. (6) then 
gives:

Next, the heat transfer coefficient, defined as h =
q

�T
 , 

can be written as:

Using the ideal gas law, P = NkBT = �RT  , as well as the 
definitions of Re

�c
 , Pr and Nu =

h�c

k
 , the Nusselt number 

dependence in free-molecular flow can be determined for 
the top/bottom surface of the sensor:

Performing a similar analysis on the front/rear surface 
of the sensor (F =

erf (s)

2
 and G =

1

4
√

�s
e−s

2

) yields:

Equations (9) and (10) show that altering the geometry 
does not change the linear dependence of Nu on both Pr and 
Re

�c
 (whether it be Rew or Ret ), but simply changes the pref-

actor which is dependent on s. Figure 9 displays the func-
tional dependence of Nu with s as outlined in Eqs. (9) and 
(10). For illustrative purposes, the Nusselt number is plot-
ted as a function of Mach number instead of the molecular 
speed ratio, s. For lower values of M, the total heat transfer is 
dominated by heat transfer from the top and bottom surfaces. 
As M increases, the relative importance of both the top and 
front surfaces to the total heat transfer changes and there is a 
crossover between both curves. As M increases, Nu remains 
constant for the front and rear surfaces, while it decreases 
for the top and bottom surfaces. The obtained values of Nu 
compare well to the data compiled by Dewey (1965).

(7)q =
�(� + 1)

4
√

�s(� − 1)
�TNkBu.

(8)h =
�(� + 1)

4
√

�s(� − 1)
NkBu.

(9)

Nu =
h�c

k
=

�(� + 1)

4
√

�s(� − 1)

u�cP

kT

=
�R(� + 1)

4
√

�cps(� − 1)
Rew Pr.

(10)Nu =
�R(� + 1)

4cp(� − 1)

�

erf (s) +
1

2
√

�s
e−s

2

�

Ret Pr.

Figure 10 displays three different experimental tests 
performed with the same sensor, where the overheat ratio 
was altered between each run ( � = 0.658, 0.836 and 0.922 
in ascending order). A linear trend can indeed be observed 
between the mass flux and the square of the output voltage, 
indicating that the heat transfer governing the NSTAP in a 
high-speed flow may vary linearly with Reynolds number. 
It should be pointed out that the range of mass fluxes tested 

1 2 3 4 5 6 7 8 9 10
0
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2

3

4

5
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8

Fig. 9  Equations 9 (black dashed curve) and 10 (grey curve) are illus-
trated here, for a given Rew = 35 and Pr = 0.71 . The total Nusselt 
number is also plotted for reference (orange dash-dotted curve). The 
characteristic length scale used for the top/bottom surface is the width 
of the sensing element while the thickness was chosen as the appro-
priate length scale for the front/rear surface

280 290 300 310 320 330 340 350
12
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15
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18

Fig. 10  Calibration curves for M = 2 tests taken at different overheat 
ratios ( � = 0.922 (grey open circle), 0.836 (black open diamond) and 
0.658 (orange asterisk), respectively). A line fits the data well for the 
range of mass fluxes tested. A thorough error analysis was performed 
in the calculation of the mean mass fluxes, �u
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is relatively small, but the linear fit is quite convincing. 
Interestingly, the tested Nusselt numbers are significantly 
higher than what was calculated using Eqs. (9) and (10). 
The unetched sensor in a M = 2 freestream flow experienced 
Nusselt numbers between Nu = 400 and 430 for the given 
range of stagnation pressures. Although these values seem 
high, it is possible that this is a result of the relatively high 
thickness-to-width ratio and corresponding choice of length 
scale. For a conventional hot-wire, this is not an issue as 
there is only one length scale characterizing the heat transfer, 
the diameter. Previous subsonic data taken in the Princeton 
Superpipe show that, for a similar Reynolds number range, 
Nu values are systematically larger for the NSTAP than for 
the 55P11 Dantec wire. It is believed that the additional geo-
metrical features of the NSTAP (platinum stubs and silicon 
substrate) play a significant role in the Nu calculation. The 
Nusselt numbers also seem to increase with a decrease in 
overheat ratio. This was previously noticed by Kovasznay 
(1950), who observed that an increase in wire temperature 
led to a decrease in Nusselt number in supersonic flows. It is 
important to note that this trend is not directly seen in Fig. 10 
as the temperature difference, �T , is not accounted for in this 
plot; Nu is directly proportional to E2 , but inversely propor-
tional to �T .

Future investigations will include varying the dimensions 
of both the width and the thickness of the sensing element to 
better understand the increased Nusselt numbers observed 
as well as the transition between the traditional King’s law 
behaviour and a linear Nusselt number dependence on Reyn-
olds number. The effect of the silicon layer on the sensor’s 
heat transfer will also be explored to enable the use of struc-
turally reinforced sensors in various supersonic flows.

5  Summary and conclusion

To accurately measure turbulence statistics, high temporal 
and spatial resolution is needed. This becomes even more 
critical when investigating supersonic flows as short time 
scales are prevalent. For this, a variant of the nanoscale 
thermal anemometry probe was designed, manufactured 
and tested in the Trisonic Wind Tunnel Munich. Compress-
ible measurements at M = 0.3 were performed to evaluate 
the repeatability of the sensor and compare it to conven-
tional hot-wire anemometry. The subsonic data, acquired 
with etched as well as unetched sensors, were compared to 
data obtained using a Dantec 55P11 probe. Good agreement 
was observed between the NSTAPs and the well-established 
hot-wire, validating the NSTAP’s performance in compress-
ible flows and allowing further tests to be carried out. Next, 
measurements at M = 2 were performed and the heat trans-
fer governing the NSTAP was investigated and compared to 
theoretical relations. Previous studies have shown a linear 

dependence of the Nusselt number on Reynolds number in 
the free-molecule flow regime, in contrast to the commonly 
assumed 1/2 power law which constitutes King’s law. For the 
range of mass fluxes tested, the NSTAP’s signal appeared to 
exhibit a linear relationship between the Nusselt number and 
the Reynolds number. Linear calibration curves are advanta-
geous both in data acquisition and in data analysis. Overall, 
the redesigned NSTAP appears to be structurally sound and 
well-behaved in M = 2 flows, making it a suitable sensor for 
the investigation of supersonic turbulent flows.
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